Abstract-An analytical study of the early-time current response of a perfectly conducting circular cylinder to a cylindrical electromagnetic wave, produced by a parallel filament carrying a unit-step current, is presented. Surface current density expressions for both the shadow and illuminated regions are obtained by applying the Watson transformation to the frequency domain solution and then evaluating the corresponding integrals separately, in the shadow region by a residue series and in the illuminated region by using the saddle point technique. Also, analytical results obtained by using a double Laplace transform approach for the shadow region and the Luneberg-Kline expansion approach for the illuminated region are given. Numerical results illustrate the variation of the distribution of current density with time for different locations of the line current with respect to the cylinder, and also allows a comparison of the alternate methods applied by the authors, showing their corresponding range of validity. The response to an impulsive plane wave is derived as a special case.
I. INTRODUCTION
T RANSIENT currents induced on a perfectly conducting circular cylinder illuminated by a plane electromagnetic wave have been exhaustively studied by analytical and numerical methods [ l ]- [ 5] . The diffraction of sound pulses by a circular cylinder has also been analyzed [6] - (8] . Recently, the problem of the transient response of a conducting cylinder to a cylindrical electromagnetic wave, produced by a parallel line current, has been tackled by the authors [9] - (11] . The early-time transient response can be determined by applying different techniques such as the Watson transformation, the double Laplace transform with respect to time and angular coordinate, and the Luneberg-Kline asymptotic expansion in caustic coordinates.
In this paper, the early-time currents induced on a perfectly conducting circular cylinder by a parallel filament carrying a unit-step current are determined in both the shadow and illuminated regions by applying the Watson transformation to the Laplace transform eigenfunction solution. The resulting integrals are evaluated in the shadow region by means of an infinite residue series, and in the illuminated region by the saddle point method. The early-time current response has also been analyzed by using a double Laplace transform approach for the shadow region and the Luneberg-Kline type of expansion for the illuminated region. The solution on the basis of these two techniques is presented in the Appendixes. For each region, an appropriate number of terms are retained in the asymptotic expressions used. The inverse Laplace transform is finally applied to derive the time dependent solution.
II. ANALYSIS
Assuming the perfectly conducting circular cylinder and the parallel line source in free space, as shown in Laplace transform of the induced current density on the cylinder surface by a unit-step current carried by the parallel filament can be derived as [12] (1)
where j = c is the speed of light, s is the transform complex variable, and H~1> is the Hankel function of the first kind and order n. T?e exact series solution given by (1) , is not useful for the early-time response analysis since it requires more and more terms for a given accuracy as I s I becomes larger and larger. To overcome this difficulty, we apply the Watson transformation [13] to express our infinite series in terms of a Cauchy integral,
~here the closed p~th C consists of two infinitely long straight Imes, the first one JUSt below the real axis and the second one just above it. Applying (2) to (1) and transforming the integral along the first line into an jntegral along the second line by the substitution u-+ -u, with H~1~(z) = ej""HJ'>(z), yields finally the integral expression cosu(4>-1r) . du sm v?r (3) with the integration performed from -oo to + oo just above the real v-axis. 
The summation indices in (7) have the following interpretation: the two values of i correspond to the two directions of circumferential wave propagation, n is the mode number, and q the number of creeping wave encirclements for a given n and i. For the early-time solution only q = 0 is needed, since the contributions due to q = 1, 2, 3, · · · in (7) are delayed by a time interval of 2q7ra / c, which is greater than the time range ·[sa 
10 2c 2520 n 2c (10) where Ai is the Airy function, Ai' its derivative with respect to the argument, and an the nth zero of Ai( -a). Equation (7) can now be written as
where
The Hankel functions in (11) are replaced by their asymptotic expansions when both the argument and the order are complex and large in magnitude [15] , 
By evaluating the terms in hyperbolic functions for large I s [ and retaining only m = 0, 1, 2 in (13), the Laplace transform of the surface current density can finally be written in the form
where cf>b is the angular coordinate corresponding to the shadow boundary, as shown in 
Applying the inverse Laplace transform [16] yields
. f3,·n
T; (20) where (21) and u( ri) is the unit-step function. It should be noted that r; = 0 corresponds to t = t 0 ;, which is the time required for the wave to travel with a velocity c from the current filament to the point under consideration on the cylinder surface, via the two different directions of circumferential propagation.
B. Current Density in the Illuminated Region
The expression obtained in (20) is valid only for the shadow region since the summation in (7), as seen from (16) where the triple sum is derived in a similar way as that in (7), with
(24)
The integral term in (23) corresponds to the directly reflected wave and the triple sum to the creeping waves propagating along the cylinder circumference. Only the integral term in (23) 
where a is a small positive number and
Am 
and a, {3 are the angles shown in Fig. 1 . The integral in (25) is calculated as [ 18] (
which can finally be presented in the form 
(37)
C. Special Case: Current Response to an Impulsive Plane Wave
The current response of a perfectly conducting circular cylinder to an impulsive or a unit-step plane electromagnetic wave, which is transverse magnetic (TM) polarized, can be determined as a special case from the above results. As an example, consider the case of an impulsive plane wave. The incident electric field E~·P(r, t) is taken to be .
( x a) E~·P(r,t) = 11oo t+ -;;--;;
where 710 is the intrinsic impedance of free space and o(z) the Dirac delta function of argument z. Note that at a time t = 0 the incident plane wavefront is tangential to the cylinder at r = a.
The Laplace transform of the incident field is
On the other hand, the Laplace transform of the electric field intensity produced by the line source carrying a unit-step current in Fig. 1 in an unbounded free space of permeability µ 0 is [12] . 
Therefore the Laplace transform of the current density induced on the cylinder surface by the impulsive plane wave can be derived directly from
Jz(<f>,s) .
ro-+oo µo

{43)
For the shadow region, using the expression in (16) and taking into account only the terms corresponding to n = h = 1, we obtain Applying the formula [ 19] , [20] 1 jso+fao 
which is exactly [5, (20) ]. It should be noted that if we consider more terms in (16) when deriving Jf(<f>, s) in (44), we can obtain more accurate results for this special case than those given in [ 5] . Similarly, the induced current density in the illuminated region by the impulsive plane wave can be obtained by following the same procedure. 
III. NUMERICAL RESULTS AND DISCUSSION
The normalized surface current density in the shadow region at different angles, for r 0 = 3a and r 0 = 6a, is plotted in Figs. 2(a) and 2(b), respectively, versus the normalized local time counted from the arrival of the first creeping wave, r = r 1 • For a given value of the local time, the magnitude of the current density decreases as <!> increases from <!> b to 7r. This is due to the increased attenuation of the creeping waves traveling along a larger portion of the cylinder surface in the shadow region. For the same cf> and r, the magnitude of the currents in the case of r 0 = 3 a is smaller than that in the case of r 0 = 6 a since the resultant effect of the space attenuation of the incident cylindrical wave and the creeping wave attenuation for r 0 = 3a is larger than that for r 0 = 6 a. The summation over n in (20) is found to converge very rapidly and the computation is carried out up to and including n = 5. Actually, we can retain only the terms corresponding to n = 1 [9] and still obtain a very good accuracy. For example, for r 0 = 3a, when <!> = 120° and r = 0.2, the difference between the results for n = 1 and for n up to 5 is 4.33 % . The results are compared with those obtained by using a double Laplace transform approach (Appendix I). It should be noted that the results in Numerical results for the illuminated region are shown in Fig.  3 , where r is the normalized local time, counted from the arrival of the wavefront. Due to the nature of the series in (36), we expect accurate results for points that are not close to the shadow boundary and for times such that the subsequent terms in (36) bring a contribution which remains small as compared to that of the previous ones. Theoretically, there is an infinite current density at the arrival of the wave front, which does not exist in the shadow region. For a given value of r, the magnitude of the current density decreases as <P increases from 0 to <Pb· Due to the space attenuation for a cylindrical wave, the magnitude of the current density for r 0 = 6 a is smaller than that for r 0 = 3a, when <P is not close to <Pb· It should be remarked that the first term in both the Luneberg-Kline expansion solution (Appendix II) and the Watson transformation solution in (36) is the same, being approximately given by the physical optics solution [9] . Comparison of the results from the physical optics approximation, the Watson transformation, and from the Luneberg-Kline expansion, shows that for the early-time response in the illuminated region the Watson transformation solution has at each location a range of validity up to greater times than the Luneberg-Kline expansion solution. On the other hand, the simple physical optics solution provides reasonably good results at all locations for an increased time range.
IV. CONCLUSION
Analytical expressions for the early-time response of the currents induced on a conducting cylinder illuminated by a cylindrical wave, have been derived by using different approaches and numerical results are presented. The results obtained by using different methods are in good agreement within their range of validity for both the shadow and illuminated regions. Even though the results have been given explicitly for the case when the line current is a unit-step function, the response for the case of a general variation of the line current may be obtained by superposition. Since the early-and late-time results overlap for values of <f > close to <f > = 180°, the early-time results can be used to check the late-time results, and vice versa. It should be mentioned that the late-time results obtained by the authors are consistent with the early-time results presented in this paper. The more general case of a cylindrical exciting wave treated in this paper has also allowed to obtain the current response to TM polarized plane electromagnetic waves as a special case.
The analytical techniques presented in this paper have broadened the area of application of the existing methods and, on the other hand, they are able to deal with both the shadow and illuminated regions with greater accuracy and larger range of validity. They can also be applied to other material media and geometries such as dielectric circular cylinder and perfectly conducting and dielectric elliptic cylinders.
APPENDIX I
A DOUBLE LAPLACE TRANSFORM APPROACH FOR THE CURRENT RESPONSE IN THE SHADOW REGION
The early-time current response in the shadow region can also be obtained by using a double Laplace transform. For the cylinder to line current configuration shown in Fig. 1 , the vector potential equation in cylindrical coordinates is 
where p is the second transform variable. The surface current density component corresponding to the solution of this equation is obtained in the form
where K is the modified Bessel function of the second kind. The inverse of the two-sided Laplace transform in (52) is
For the early-time solution we consider the behavior of the integrand in (53) as the real-valued s-> oo [17] . It can be shown that the expression in (53) can be replaced by the sum of residues of its integrand relative to the poles in the left or right half-plane of p corresponding to the sign of <f>m, <Pm > 0 or <Pm < 0, respectively. These poles are given by the zeros of K 1 P(ka) regarded as a function of p, which occur for real p only, when s is real [21] . Hence, for <Pm< 0, the integral in (53) can be evaluated as The asymptotic expressions for K j p/ kr o) and (a I a p) K 1 p(ka) \ P=Pn are [21] , [6] , [7] Pn""' ka + xn(ka)
,
From (54)- (57), we obtain
Since the terms in (58) decrease practically exponentially with Pn as n increases, we may retain only the first term. Thus
To ensure that the summation in (58) 4c Ai' (-a 1 )
Due to the symmetry, the expression in (63) with (62), is also valid for <fib < <fi :5 7r. By using an approximate formula [ 16], the inverse Laplace transform of this expression can be obtained in the form
APPENDIX II
A LUNEBERG-KLINE EXPANSION FOR THE CURRENT RESPONSE IN THE ILLUMINATED REGION
The current response in the illuminated region can also be determined by means of a Luneberg-Kline expansion. The Laplace transform of the electric field in the absence of the cylinder can be written as [12] (66) where r, 8 are the cylindrical coordinates of the field point and R the distance from the line current to the field point (Fig. 4) . When s -+ oo, E~ can be written in the asymptotic form as [21] EAr, 8, 
The Laplace transform of the scattered electric field satisfies the wave equation (68) Now we assume that E: has the asymptotic expansion (for in which '1r ( r, 8) and w n< r, 8) are the unknown functions to be determined. The boundary condition requires that the total tangential electric field be equal to zero at the surface of the cylinder, which can be written as
Substituting (67) and (69) in (70) gives
where R 0 = (rJ + a 2 -2r 0 acos <fi) 
Equation (73) can be solved in the caustic coordinate system to give [22] wn(I, i/;) = wn(lo. i/;)( ~o r/2
to where I and i/; are the caustic coordinates shown in Fig. 4 and 1 0 = (a /2) cos a is the distance along the reflected ray from the caustic to the cylinder surface with a as shown in Fig. 4 
The phase function 'JI' ( r, (J) can be written as a 'JI' ( r, (J) = R 0 + I -2 cos a.
From (69)- (76), expressions for w 0 , w 1 , and w 2 are obtained.
The sum of the incident and scattered fields gives the total electric field
Ez(r,0)
. 
--e -k r
The surface current density is equal to the tangential component of the magnetic field intensity on the surface of the cylinder, 
